The Karhunen-Loeve Expansion (KLE) technique has been recently applied by geophysicists for analyzing the temporal variations of dynamic systems such as the ocean-atmosphere interface, crustal deformation and fault systems. The application of this method to tidal data can provide a direct insight into the efficiency and reliability of this method in reconstructing a periodic signal. The comparison of the obtained results to those proposed by the least squares harmonic estimation (LSHE) as a newly developed method which is widely used in geodetic community for analyzing the GPS time series can be of signi cant interest for both geodesists and geophysicists. This paper applies the KLE method to the tidal time series of the Workington station in United Kingdom and compares the given results to those suggested by the LSHE method. The detection of the majority of the expected long period constituents and the larger number of the detected low frequency components by KLE as compared to the least squares harmonic estimation emphasizes on the efficiency and the predominance of this method to the LSHE technique.
Introduction
Tide which forms a considerable part of sea level variations but are a system with a well-known mechanism. The response of this system is typically considered to be the result of the combination of harmonic terms with known frequencies. The main tidal constituents are generated from different relative motions of the Earth with respect to the Moon, Sun and consequently, the corresponding mutual gravitational forces. Earth rotation and revolution, moon rotation, motion of the lunar perigee, lunar node and solar precession are the main causing forces of the tide.
The renowned procedures for identifying and analysis of the known frequency contents of tide can be generally classi ed into Non-Harmonic and Harmonic methods. The Non-Harmonic method was initiated by Sir John Lubbock (1831). This method is based on the direct computation of the tidal potential using as-Tide, with the total number of 26753 known frequencies (Kudryavtsev 2004 ) is a dynamic system with well established frequency content. Some of the known constituents in this phenomenon are given in Table 1 . Therefore, further analysis of this system in the frequency domain does not seem to be an interesting subject, at least from an engineering point of view. Nevertheless, the system provides a valuable measure for the analysis and comparison of proposed component decomposition and spectral analysis techniques. The idea looks more interesting when the application of such methods for analyzing the GPS coordinate time series is taken into account. Therefore, the employment of new techniques to well-known periodic phenomena such as the tide can provide a reasonable insight into their efficiency in practice. In this paper, the Karhunen-Loeve Expansion and Least-Squares Harmonic Estimation are applied to the tidal time series for this purpose.
Similar to the method of Empirical Orthogonal Function (EOF) analysis developed by Preisendorfer (1988) , the method of KarhunenLoeve Expansion (KLE) decomposes a dynamic system into its orthonormal subspaces. This technique has been applied to the analysis of many nonlinear systems such as ocean-atmosphere interface (e.g. El Niño-Southern Oscillation phenomena), meteorology, crustal deformation and fault systems (Preisendorfer 1988 , Savage 1988 , Penland 1993 , Rundle et al. 2000 , Tiampo et al. 2004 . The great success of the application of this method in previous elds of research, especially ocean-atmosphere interface analysis, gives rise to the idea of its application to the tide as a nonlinear system from its principal components aspect. In this paper, the efficiency of the KLE method in the extraction of the frequency content of tidal variations as a phenomenon with a well-known mechanism is evaluated and the obtained results are compared with the LSHE method, recently carried out by Mousavian and Hossainali.
Material and Methodology
Understanding the pattern evolution in nonlinear systems helps for characterizing the physics which controls the underlying dynamics of a physical phenomenon. In this context, the KarhunenLoeve Expansion can be applied to provide a complete and unique temporal pattern basis set for such systems. Here the tide, as a considerable part of the sea level variations, is investigated as a nonlinear system with a well-known physical mechanism. In the KLE technique, the correlation matrix of the input stochastic or deterministic variables is decomposed to its orthonormal subspaces known as "KLE modes". The projection of the original input data to these eigenmodes, also known as Principal Components (PC), can demonstrate the contribution of each mode to the variations of the system. A Discrete Fourier Transform accompanied by a statistical hypothesis test can be applied for investigating the frequency content of each principal component. In other words, to extract the intrinsic features of the corresponding power spectra, one may have to investigate each power spectrum against an appropriate null hypothesis. In this paper, an autoregressive process at 95% con dence level is used as the background noise model for the ex- (Wahr 1995 , House 1995 traction of the dominant constituents in tide.
In univariate KLE analysis of the tidal system, the required input is the detrended sea level measurements of a tide gauge. To be more speci c, the hourly sea level measurements of each day collaborate on forming the columns of an input matrix, say T. As the result, when the tidal data of one year length were to be analyzed, matrix
T would have the dimension of 24×365. The covariance matrix of the time series (S) is then constructed by the product: T T T.
When this real valued, symmetric matrix is normalized by the variance vector σ , i.e., S ij /( σ i σ j ) , the resulting correlation matrix C is derived:
where the variances, σ j , are given by the following equation:
The covariance matrix C is a p × p positive-valued matrix which can be decomposed as:
where E and Λ are the eigenvector with orthonormal columns and the diagonal matrix of the eigenvalues, respectively. The matrix Λ has k (p k) nonzero diagonal eigenvalues {λ k }. For real geodetic or geophysical data, the rank of matrix C is usually full (k = p) (Dong 2006) . This can be easily veri ed through the number of nonzero eigenvalues. The corresponding eigenvalues and eigenvectors are derived in two steps. First, Householder reduction is applied as a trireduction technique to reduce the correlation matrix to a symmetric tridiagonal one (Press et al. 1992) . Then a QL algorithm is employed to nd the eigenvalues, λ j , and eigenvectors, e j , of the tridiagonal matrix computed in the previous step (Press et al. 1992) . Computed eigenvectors are also called KLE modes.
The projection of the vectorized form of initial data series onto the eigenvectors of the data correlation matrix leads to the principal component associated with each particular mode.
The next step is the spectral analysis of the principal components computed in the previous step. For this purpose, rstly the Discrete Fourier Transform is used for constructing the Fourier power spectrum of each principal component. A statistical signi cance test is then applied to the derived Fourier spectrum in order to extract the intrinsic features inherent in the power spectra. This is done in support of a null hypothesis for the background noise model at 95%
of con dence level. For many geophysical phenomena the red noise model, i.e. the rst order autoregressive (AR) process is considered to be an appropriate background noise model Lees 1996, Ghil et al. 2002) . According to Allen and Smith (1996) , the presence of periodic effects should be explicitly taken into account in the AR parameter estimation process. are the periodic components which have been used to t an autoregressive process and for estimating the corresponding parameters. A univariate lag-1 autoregressive process can be written as:
where x n is the discrete time series with the initial value of x 0 , N is the number of points in the time series, {Z n } are Gaussian random variables, and α is the autoregressive coefficient which can be computed from the following equation (Brockwell and Davis 1991) :
wherex is the mathematical expectation of the time series. Torrence and Compo (1998) showed that the probability density function of the Fourier power spectrum of an autoregressive process with the coefficient α, de ned by Eq. (5), is as follows:
whereσ 2 is the variance of time series, and χ 2 2 is the chi-squared distribution with two degrees of freedom. Equation (6) provides a measure for identifying the constituents which signi cantly contribute in re-constructing the original time series. For this purpose, a peak in the Fourier spectrum is taken as a true signal when it lies above the background noise whose probability density function is given by this equation. The probability that is assigned to the detected frequencies here is 0.95.
Numerical Results
The United Kingdom's Tide Gauge Network has provided the required inputs for this study. The tidal time series from station Workington has been used for this purpose. This is because least squares harmonic estimation has been already applied for analyzing the frequency content at the position of At rst, the correlation matrix (1) is computed from the input matrix T. Using the QL algorithm the reduced tridiagonal form of the correlation matrix is then transformed to the corresponding eigenspace. This process leads to the eigenmodes of interest. The constructed eigenmodes establish an empirical orthonormal basis which can be used for the decomposition and further analysis of the original data. Therefore, the tidal time series is projected onto the principal direction de ned by the empirical basis above. Applying Fourier transform to the projected time series results in the corresponding power spectra which are further used for detecting the tidal constituents. Fitting an autoregressive process to each power spectrum provides a statistical measure for selecting the dominant frequencies. Figure 1 illustrates the corresponding results for the rst eingenmode of this research. Accepted frequencies are listed in Table 2 .
The contribution of the rst eigenmode in the total sea level variations at this station is 84.49 precent of the total sea level variations inherent in the adopted time series. Therefore, the rst eigenmode is expected to contain most of the dominant frequencies in a tidal time series. This can be seen in Fig. 1 . In this gure, the rst three prominent amplitudes belong to the principal lunar semidiurnal component (M 2 ), principal solar semidiurnal constituent (S 2 ), and larger lunar elliptic semidiurnal component (N 2 ) respectively. The Fourier power spectrum of the second principal component and the correspondingly detected frequencies are illustrated and reported in Fig. 2 and Table 3 , respectively. The Lunisolar synodic fortnightly constituent (Msf ), principal solar semidiurnal component (S 2 ), and variational constituent (µ 2 ) possess the predominant amplitudes in the data series projected onto the second mode.
In spite of the orthogonality of the principal components or the base vectors of the eigenspace, each of the PCs may be contaminated by the others (Ji 2011) . This results in the presence of similar constituents in the frequency contents of various principal components. The commonly detected frequencies for eigenmodes 3 to 10 are given in Table 4 . These modes contain signals on shorter temporal scales than the rst two ones.
To come up with an idea about the efficiency of the KLE method in reconstructing a periodic signal such as the tide, the constituents above are compared with those detected by the application of the LSHE method. Table 5 reports on the frequencies suggested by the latter technique. According to Table 5 , constituents detected by least squares harmonic estimation is restricted to high frequency ones whereas both low and high frequency constituents have been efficiently identi ed here.
Conclusions
In this paper, the Karhunen-Loeve Expansion has been applied for investigating the tide as a non-linear system. For this purpose, an autoregressive process is used as the background noise model for the power spectra of each principal component. According to the obtained results, the rst principal component includes most of the predominant frequencies inherent in the tidal data. While the higher order KLE modes mainly include the corresponding shallow water ones.
Moreover, the efficiency of this method is compared with the results of LSHE recently carried out for the identi cation of the tidal frequencies at the same station and using the same period of time.
Similar to the LSHE method, frequency analysis using the applied technique is sensitive to the adopted background noise. Nevertheless, the comparison of the obtained results to those reported for the application of least squares harmonic estimation clearly proves the prominence of the applied method in this research.
From the total number of expected long period constituents (see appendix A) 73.3 percent have been successfully detected by the KLE whereas none of these frequencies are seen when least squares harmonic estimation is used. In the high frequency domain, including diurnal, semidiurnal and short periods, 44.3 percent of the total number of the expected constituents (which are partially listed in appendix B) have been identi ed in this research. The higher success rate in the detection of tidal frequencies obviously results in a more reliable reconstruction for the tidal time series when compared to the least squares harmonic estimation technique.
Appendix A
The List of long period constituents according to the standard list of tidal harmonic constituents published on the 
Appendix B
The List of diurnal, semidiurnal and short periods constituents according to the standard list of tidal harmonic constituents published on the International Hydrographic Organization (IHO) website (similar to Appendix A).
